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ABSTRACT
We present an extensive study of accretion onto neutron stars in which
the velocity of the neutron star and structure of the surrounding medium is
such that the Bondi-Hoyle accretion exceeds 10−3M⊙ y
−1. Two types of initial
conditions are considered for a range of entropies and chemical compositions:
an atmosphere in pressure equilibrium above the neutron star, and a freely
falling inflow of matter from infinity (also parametrized by the infall rate). We
then evolve the system with one- and two-dimensional hydrodynamic codes
to determine the outcome. For most cases, hypercritical (also termed “super
Eddington”) accretion due to rapid neutrino cooling allows the neutron star
to accrete above the Bondi-Hoyle rate as previously pointed out by Chevalier.
However, for a subset of simulations which corresponds to evolutionarily
common events, convection driven by neutrino heating can lead to explosions by
a mechanism similar to that found in core-collapse supernovae.
Armed with the results from our calculations, we are in a position to predict
the fate of a range of rapid-infall neutron star accretors present in certain
low-mass X-ray binaries, common envelope systems, supernova fallbacks and
Thorne-Zytkow objects (TZOs). A majority of the common envelope systems
that we considered led to explosions expelling the envelope, halting the neutron
star’s inward spiral, and allowing the formation of close binary systems. As a
result, the smothered neutron stars produced in the collisions studied by Davies
& Benz may also explode, probably preventing them from forming millisecond
pulsars. For the most massive supernovae, in which the fallback of material
towards the neutron star after a successful explosion is large, we find that a
black hole is formed in a few seconds. Finally, we argue that the current set
of TZO formation scenarios is inadequate and leads instead to hypercritical
accretion and black hole formation. Moreover, it appears that many of the
current TZ models have structures ill-suited for modeling by mixing length
convection. This has prompted us to develop a simple test to determine the
viability of this approximation for a variety of convective systems.
Subject headings: stars:neutron — stars:accretion — hydrodynamics:mixing
length
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1. INTRODUCTION
It is only in the last few decades, with the arrival of high-energy observatories, that the
problem of accretion onto neutron stars has moved from the speculations of theorists to the
constraints of observations. Satellites such as Einstein, ROSAT, GRO, Ginga, and others,
have contributed to a growing list of accreting neutron star sources such as gamma-ray
bursters, X-ray bursters, millisecond pulsars, high mass X-ray binaries (HMXB), low mass
X-ray binaries (LMXB), and a number of objects entangled within the current evolutionary
scenarios for binary pulsars. Future observations (AXAF, NAE, etc.) promise to add
more. Unfortunately, the current state of theoretical models falls short of the present and
upcoming data. At the root of the theoretical difficulties is the range of extreme physical
conditions encountered in many of the observed systems: high magnetic fields, angular
momentum, degenerate matter, neutrino effects, etc. In addition, as we shall demonstrate
in this paper, it is likely that multidimensional effects are important. As a result, progress
in understanding neutron star accretion has been slow. In this paper, the first of a series,
we will consider the effects of rapid mass infall onto neutron stars (M˙Bondi−Hoyle > 10
−3M⊙
y−1). By infall rate, we mean the rate at which material is added to the atmosphere
surrounding the neutron star. This is to be distinguished from the term accretion which
we reserve for the mass incorporated into the neutron star. High infall rates occur in
common envelope systems such as Be/X-ray objects, more deeply buried systems such as
Thorne-Zytkow objects (TZOs), and supernova fallback.
Early work studying rapid mass infall onto neutron stars logically began with estimates
of the fallback of matter onto newborn neutron stars in supernovae (Colgate 1971;
Zel’dovich, Ivanova, & Nadezhin 1972). Both groups found that the canonical photon
Eddington accretion rate vastly underestimates accretion onto the neutron star as neutrino,
rather than photon, emission becomes the dominant cooling source. Chevalier (1989), and
Houck & Chevalier (1991) have studied in greater analytic detail the fallback of matter onto
the adolescent neutron star, confirming this “hypercritical” accretion rate. Even though
the amount of fallback matter is generally a small fraction of the material expelled by the
supernova, it is a large portion of the material undergoing heavy element nucleosynthesis.
Thus, understanding supernova fallback is crucial, not only to decide whether or not
a neutron star or black hole is left after the explosion, but also to understand the
nucleosynthetic yields of supernova explosions which, in turn, have profound repercussions
for galactic chemical evolution.
However, most of the interest in atmospheres around neutron stars has been directed
toward understanding Thorne-Zytkow objects, an hypothetical red giant in which the
normally white dwarf-like core is a neutron star. These objects are supported, in addition
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to the “normal” contribution from thermonuclear burning, by the release of gravitational
energy from accretion onto the neutron star, and therefore have longer lifetimes than
standard red giants. The concept of powering a star from mass accretion onto a degenerate
object was revived from its pre-fusion days (Landau 1937; Gamow 1937) by Thorne &
Zytkow (1975). In their study of a range of models for stellar envelopes greater than 1
M⊙, Thorne & Zytkow (1977) separated their models into two classes depending upon
atmosphere mass. For the more massive envelopes, accretion alone is insufficient to provide
pressure support, suggesting nuclear burning arising from the extreme conditions near
the surface of the neutron star as a possible complementary mechanism. Follow-up work
by Biehle (1991, 1994), Cannon et al. (1992), and Cannon (1993) focused on this class
of objects, using more detailed descriptions of the nuclear burning. These simulations
established abnormal nuclear burning (such as the rp-process) as an additional source of
pressure support and led to more definitive results on the observable chemical compositions
of TZOs, should they exist. In recent years, the usage of the terms TZO has grown in
the literature to encompass a broader range of neutron-star atmosphere systems. In this
paper, we reserve the TZO designation for those objects originally envisioned by Thorne
and Zytkow and the other authors listed in this paragraph.
As an ever-branching list of formation scenarios has been dreamed up, the occurence
of rapid infall on neutron stars has evolved from the seed of a theorist’s imagination to
a virtual certainty. Among them one finds: 1) supernova fallback, 2) common envelope
evolution (Taam, Bodenheimer, & Ostriker 1978; Terman, Taam, & Hernquist 1994), 3)
collisions between main-sequence stars or red giants and neutron stars in globular clusters
or galactic nuclei (Benz & Hills 1992; Davies & Benz 1995), 4) an induced collision between
a newly formed neutron star and its binary companion as it is kicked by an asymmetric
supernova explosion (Leonard, Hills, & Dewey 1994), and 5) a neutron star caught within
the torus of an active galactic nucleus or within a dense molecular cloud (D. N. C. Lin -
private communication). Supernova fallback excepted, not much attention has been paid to
the link between formation scenario and their hypothetical product (LMXB, TZO, etc.).
Along those lines, the stability of the build-up of an atmosphere around a neutron star has
been in dispute ever since TZ objects were conjectured. At the heart of this controversy is
the impact of neutrino physics on the structure of the atmosphere. Neutrino cooling, an
aspect of the problem first brought up by Bisnovatyi-Kogan & Lamzin (1984), dismissed by
Eich et al. (1989) and subsequently ignored by Biehle (1991, 1994), Cannon et al. (1992)
and Cannon (1993) has regained prominence as understanding of supernova fallback onto
neutron stars has progressed. In particular, Chevalier (1993) has found that hypercritical
accretion can occur, not only in the case of supernova fallback, but also in the entire range
of common envelope systems, including TZ objects.
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This paper is about what occurs when a neutron star is forced to accrete matter at a
high rate. A generic scenario might be as follows: a neutron star encounters a star (or a gas
cloud, or an AGN disk, or its own ejecta). During an initial transient, an accretion shock
moves from the surface of the neutron star to some equilibrium radius. The region inside
the shock then becomes an atmosphere in near-pressure equilibrium which settles on the
neutron star. Both of these phases of the evolution can last for many dynamical times so
that it is not possible to model the comprehensive evolution of the accreting neutron star.
Since we would still like to determine what will be the final outcome, we have devised the
following plan of attack: in a first set of simulations, we compute the evolution of a series
of initial free-fall conditions over a range of parameters (entropy, chemical composition,
and most importantly, infall rate). These conditions typify the expected initial structure
obtained as a neutron star plows into a medium. For reasons explained in §4.1.1, the
transient structure which develops while the accretion shock moves outward immediately
becomes convectively unstable, pushing the accretion shock beyond its steady state radius.
Unfortunately, the convective episode lasts too long to follow to completion, but the end
result can be inferred, namely that an isentropic atmosphere will eventually build up
above the neutron star. In a second set of simulations, we examine just such isentropic
atmospheres initially in gravitational and pressure equilibrium for a range of entropy and
chemical composition. In the absence of neutrino processes, these atmospheres are stable.
Starting with these “pseudo-stable” initial conditions, we turn on neutrino processes and
determine how stability is affected by energy losses due to neutrino emission. Combining
these two sets of simulations, we can take a given infall structure and, using our first set of
models, estimate the resulting structure of the isentropic atmosphere. With this structure,
the second series of models will then predict the ultimate fate of the system.
Section 2 discusses the numerical methods used in our simulations and §3 presents
the range of initial conditions and physical processes included in this study. The results,
including comparisons to the work of Chevalier (1989, hereafter C89), Chevalier (1993),
Houck & Chevalier (1991) (hereafter HC), and Colgate, Herant, & Benz (1993) (hereafter
CHB), are presented in §4. We conclude with a discussion of the implications of our
findings for the variety of systems involving high mass infall and the potential observational
consequences.
2. NUMERICAL METHODS
To explore the behavior of our range of atmospheres, we utilize both one-dimensional
and two-dimensional codes. The one-dimensional code is used to determine the subset of
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atmospheres that develop negative entropy gradients of sufficient magnitudes to induce
convection and thus break the otherwise spherical symmetry. This allows us to limit
two-dimensional simulations to those atmospheres that really require it. All physical
processes such as neutrino physics (absorption, emission and transport), equation of state,
etc., are implemented in identical ways for both codes. The two codes have already been
described in detail (Herant et al. 1994, hereafter HBHFC). Thus, we will limit ourselves to
an overview except to describe modifications introduced specifically for these simulations.
2.1. One-dimensional Lagrangian Code
The one-dimensional simulations were performed with an explicit, grid-based,
Lagrangian code (Benz 1991) using a second order Runge-Kutta integrator. This code does
not include any form of convection modeling (mixing length or other), and as a result,
its usefulness is limited to non-convective regimes, and to the diagnosis of the onset of
convection. The neutron star surface is modeled by a reflective inner boundary, exterior to
which lies the atmosphere. For most of the one-dimensional simulations we used a total of
140 cells modeling the pressure equilibrium atmospheres out to a radius ∼2500 km and the
infall atmospheres out to ∼25,000 km. Since the mass of the atmosphere strongly depends
on entropy for the equilibrium models [see eq. (39)] and on the infall rate for the infall
models [see eq. (13)], the mass resolution for the models varies according to the computed
model. It was however chosen in such a way as to maximize resolution near the surface of
the neutron star.
Both Newtonian and general relativistic (in the style of Van Riper 1979) formalisms have
been implemented in the code. We have found that the general relativistic implementation
leads to an increase in the Brunt-Va¨isa¨la frequency of up to 40% over the Newtonian case
in the intermediate entropy models (see §4.2.2.), and in addition, a factor of ∼ 3 increase
in accretion rates. These effects are comparable to those calculated by HC. However, since
angular momentum and accretion concerns limit us to mostly qualitative estimates anyway,
in most of the simulations presented here, general relativistic effects have been ignored.
2.2. Two-dimensional SPH Code
The basic structure of the two-dimensional cylindrical geometry smooth particle
hydrodynamics (SPH) code used for the simulations of this paper has been presented in
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Herant & Benz (1992). The code was further developed in Herant, Benz, & Colgate (1992)
and HBHFC to incorporate neutrino processes and an equation of state of extended range.
As in HBHFC we run our calculations in a wedge centered on the equatorial plane
with periodic boundary conditions to avoid the complications associated with the z-axis
which corresponds to a singularity of the cylindrical coordinate system. The opening angle
is usually 90◦ corresponding to
√
2/2 of the total volume. We have varied the opening
angle (up to 160◦) and the number of particles [factors of 4 (4,000 - 16,000 particles)] in the
simulations without noticing appreciable changes in the results. The gravitational force is
calculated in the Newtonian limit by evaluating the mass interior to each particle, thereby
assuming spherical symmetry, which is reasonable considering that the central neutron star
provides the dominant contribution. The kernel used is the same as in HBHFC.
The structure of the initial atmospheres (see §3.1.) is mapped to an SPH representation.
Particles are placed on concentric circles around the origin. There are of order 50 particles
per circle, which in a 90◦ wedge translates to an angular resolution of a few degrees.
As in the one-dimensional case, the mass of the particles is dependent upon the specific
characteristics of the atmosphere being studied with the maximal mass resolution near the
surface of the neutron star. Also similar to the one-dimensional code, a fixed, hard boundary
represents the neutron star surface. Its implementation is as described in HBHFC. Once
particles reach a critical density (ρ > 1013 g cm−3) and electron fraction (Ye < 0.1), they
are accreted onto the neutron star surface. In addition, an outer boundary was introduced
to allow us to control the pressure of the outer atmosphere.
3. INITIAL CONDITIONS AND PHYSICAL PROCESSES
3.1. Initial Conditions
In most of our simulations, the neutron star has a 1.4 M⊙ gravitational mass and a
radius of 10 km. Atmospheres with initially uniform entropy and chemical composition
are constructed above the neutron star. Their initial density structure is determined by
pressure equilibrium in the equilibrium atmosphere models, or by assigning a mass infall
rate and assuming free-fall initial conditions for the infall simulations. We considered initial
compositions of pure iron, pure oxygen, and a primordial mix of hydrogen and helium.
Because the temperature at the base of the atmosphere is usually high enough to lead to
nuclear statistical equilibrium (NSE), the initial composition is important to determine the
energy release from nuclear burning.
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For the equilibrium atmosphere calculations, pressure equilibrium was verified in
our code by allowing the atmosphere to evolve hydrodynamically without neutrino
physics. For the two-dimensional simulations, inaccuracies in the mapping scheme from
the one-dimensional structure lead to small initial transients which have to be damped,
preserving constancy of entropy. In general however, the atmospheres were found to remain
in equilibrium for times much longer than our simulation times.
3.2. Equation of State and Neutrinos Processes
The equation of state and neutrino processes are discussed in HBHFC to which
the reader is referred for further details. The equation of state includes perfect gas,
photon, and electron contributions to any degree of degeneracy and relativism (Nadezhin
1974; Blinnikov, Dunina-Barkovskaya, & Nadezhin 1995), and a nuclear equation of state
(Lattimer & Swesty 1991). Additionally, when the temperature rises above 5 × 109 K,
NSE (see Hix et al., 1995) is enforced to approximate the effect of nuclear burning, and to
compute the free nucleon fraction which is important for neutrino emission and absorption.
Although matter does burn at lower temperatures without going immediately into NSE,
burning is a slow process compared to the hydrodynamics.
The neutrino emission processes accounted for include electron and positron capture
by free protons and neutrons, and pair and plasma neutrino–antineutrino creation.
Neutrino absorption processes include electron neutrino capture by free neutrons, electron
antineutrino by free protons, and neutrino antineutrino annihilation. Neutrino scattering
includes electron and positron scattering of neutrinos, and neutral current opacities by
nuclei. Three species of neutrinos are tracked separately by the transport algorithm:
electron neutrino, electron antineutrino, and a generic “τ” neutrino bundling together µ
and τ neutrinos and antineutrinos which have very similar characteristics in the regimes
under consideration. The neutrino transport consists of two schemes: flux-limited diffusion
for the optically thick regions and a light-bulb approximation for the optically thin regions.
The light-bulb approximation was introduced for computational speed and is only valid if
the absorbed neutrino luminosity (Lνabs) in this regime is much less than the total neutrino
luminosity (Lνtot). In most of our calculations, we limit the Lνabs/Lνtot to 10%. We have run
test calculations limiting Lνabs/Lνtot to 3% without appreciable changes in the results.
3.3. Infall rates and Assumptions
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The objective of this paper is to determine the effects of neutrino processes on accretion
for a range of initial conditions. We then apply our results to specific circumstances which
lead to rapid infall on neutron stars. In this section, we discuss the probable infall rates for
various scenarios and the suitability of our assumptions, which include ignoring the effects
of angular momentum, magnetic fields, and photon diffusion.
3.3.1. Infall
The infall of matter onto a neutron star plowing through a medium is characterized
for many, if not all, of the formation scenarios by Bondi-Hoyle “infall” and has been
further studied numerically in a series of papers by Ruffert (1994a, b, 1995) and Ruffert
& Arnett (1994). They compare numerical results to the canonical Bondi-Hoyle infall in
a homogeneous medium, and introduce a new set of equations to estimate the infall rate.
However, except at Mach numbers (M) close to 1, the infall rate is within 20 % of the
canonical rate (it can increase by factors of 3 for M = 1 infall). Since we are only interested
in rough estimates of the infall, we will use the simpler equations of Bondi-Hoyle-Lyttleton
(Bondi 1952):
M˙B ≈ 4πr2Bρ(v2 + c2s)1/2 (1)
where the Bondi infall radius is
rB =
GMNS
v2 + c2s
, (2)
and G is the gravitational constant, ρ and cs are the density and sound speed of the ambient
medium. Table 1 lists the infall radii and infall rates for a neutron star plowing through
stars (modeled with a stellar structure code developed by D. Arnett) of different masses
and at different distances from the center for a range of impact velocities spanning possible
high infall scenarios. Note that proper motion measurements of neutron stars imply an
average spatial velocity of neutron stars on the order of 450 km s−1 and, in some cases, as
high as 1000 km s−1 (Lyne & Lorimer 1994, Frail, Gross, & Whiteoak 1994). However,
common envelope systems will involve much lower velocities (∼ vorbital).
3.3.2. Angular Momentum
Estimating the effects of inhomogeneous media on Bondi-Hoyle accretion has been
fraught with difficulties both from an analytic and numeric standpoint. Analytical
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approaches tend to depend heavily upon unphysical assumptions (sometimes assuming that
the fluid flow system is identical to the standard Bondi-Hoyle structure for the homogeneous
case) and in general, results have not been corroborated by simulations. Moreover, the lack
of agreement among numerical endeavors has made their estimates equally inconclusive. A
partial list of numerical studies representing the large variation in results includes: Davies
& Pringle (1980); Fryxell & Taam (1988); Taam & Fryxell (1989); Sawada et al. (1989);
Theuns & Jorissen (1993); and Ruffert & Anzer (1994). Most of these discrepancies are
probably due to differences in resolution, boundary effects, or a difference in accretion
between two- and three-dimensional models. However, the numerical simulations virtually
all agree on two points: the average infall rate is within a factor of two of the Bondi-Hoyle
infall (even though in many simulations the infall rate is seen to vary with time, e.g. the
“flip-flop” instability seen by Fryxell and Taam), and the angular momentum accreted
within the accretor radius (typically 0.1rB) is generally non-zero, but less than that
predicted by a majority of the analytical estimates.
Despite these difficulties, we would like to try to evaluate, using currently favored
numerical models, the effects of angular momentum on accretion. A typical estimation for
angular momentum accretion is (see, for example, Ruffert & Anzer 1994):
jz ≡ J˙z/M˙ = 1
4
(6ǫv − ǫρ)V rB (3)
where J˙z is the angular momentum accretion rate, M˙ is the mass accretion rate and V is
the velocity of the accretor, and ǫv,ρ are the inhomogeneity parameters defined as (Taam &
Fryxell 1989):
ǫρ,v = rB/Hρ,v (4)
where Hρ,v is the scale height of the density (ρ) or the velocity (including the sound speed,
i.e. (c2s+ v
2)1/2) profile perpendicular to the direction of motion of the accretor. Ruffert and
Anzer consider a V = 3cs accretor in a ǫv = 0.3 medium with an accretion radius one tenth
the size of the Bondi radius. Their results give a 40% decrease in the angular momentum
accreted in comparison to equation (3). Assuming no angular momentum is lost once the
material passes within the accretion radius and using equation (3), one can determine an
upper limit for the radius at which rotational support stops the infall (rang) of material
(also shown in Table 1). This is most likely an over-estimate since, until an axisymmetric
regime is attained, angular momentum can be effectively transported by pressure waves and
shocks.
From rang inward, a thick accretion disk forms. For a thick α disk, the timescale for
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the outward transport of angular momentum is estimated to be (Chevalier 1993):
tin ∼
r2ang
αcsH
∼ r
3/2
ang
α
√
GM
∼ r1.58 s (5)
where the sound speed (cs) is approximated as the orbital velocity, H is the disk scale
height and is estimated to be ∼ r, α is a measure of the viscous stress typically found to be
∼ .01− .1 (we use .07), and r8 is rang in units of 108 cm. Once the material loses its angular
momentum, it will accrete onto the neutron star. Thus tin is essentially the time delay for
the accretion of material. Since tin is not much larger than the free-fall timescale, this delay
should have a relatively small impact on the accretion rate.
Despite this discussion, we are aware that the question of the effect of angular
momentum accretion is unsettled, and it will remain so until more comprehensive results
from numerical and analytical calculations become available. However, we believe that in
the case of buried neutron stars, the effect of angular momentum should be a perturbation
on the classical Bondi regime. One reason is that the dynamics of self-gravitating, thick
accretion disk is ripe with hydrodynamical instabilities (unlike cold, thin disks), which
should allow rapid transport of angular momentum. Another reason for sustained accretion
is that just as there exists a plane in which the angular momentum accreted is maximal,
there is also a plane in which it is nil, and that is where the accreted matter may come from
primarily (i.e. the polar direction in the case of an inspiral).
3.3.3. Photon Diffusion
Our current set of simulations is limited by the assumption that the photons are
“trapped” within the material of the atmospheres. By trapped, we mean that the photons
are carried inward with the accretion flow significantly faster than they can diffuse outward.
As a result, we only consider cases for which the accretion rate is sufficiently high (infall
models), or for which the entropy is not too large (equilibrium atmosphere models). We
derive below the conditions for which the assumption of photon trapping is valid.
For equilibrium atmospheres, the timescale for neutrino cooling (τν) sets the accretion
rate and therefore the dynamical timescale. We can therefore compare the photon diffusion
timescale (τγ , calculated near the surface of the neutron star since this is where the
interesting dynamics occur) with τν to determine the range of constant entropy, equilibrium
atmospheres for which we can assume neutrinos are trapped. Using the approximations for
the structure of the equilibrium atmospheres derived in §4.2., we obtain:
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τν = Ereg/Lreg = 3.2× 10−12S6rad(1 + Srad/55) s (6)
and
τγ ≈ r
2
scale
λ2mfp
λmfp
c
(7)
where Ereg and Lreg are the energy and neutrino luminosity near the surface of the neutron
star over the scale height rscale [see equation (40)], Srad is the radiation entropy of the
atmosphere, λmfp is the mean free path of the photons, and c is the speed of light. For
entropies in which τγ > τν , (S < 600 - see Fig. 1) the photons will be carried in with the
accreting material and we can reliably assume that the photons are trapped. However,
this argument implicitly relies upon a spherically symmetric inflow. When convection
becomes important, we must once again examine the effects of this convection-enhanced
photon diffusion. We will consider these specific cases as they appear in our equilibrium
simulations.
For the infall atmospheres, we can use the infall rate to determine the inward motion
of the material and compare it to photon diffusion. The trapping radius is then the radius
where these speeds are equal and is commonly denoted (e.g. see Chevalier 1989):
rtr = min
(
M˙κ
4πc
, rB
)
(8)
where M˙ is the mass infall rate, κ is the opacity of the infalling material (we assumed
κ = 0.2 cm2 g−1), c is the speed of light and rB is the Bondi accretion radius. From Table
1, we see that the trapping radius for most neutron star encounters with stellar objects is
close or equal to the Bondi radius and, as a result, the diffusion of photons is unimportant.
3.3.4. Magnetic Fields
We have assumed in our simulations that the magnetic field of the neutron star has no
effect upon the hydrodynamics. This assumption is valid for two regimes; for neutron stars
with low magnetic fields and for high infall rates which smother the magnetic field of the
neutron star. The importance of magnetic fields can be estimated by finding the radius at
which the magnetic energy density equals the kinetic energy density of the infalling matter
(Shapiro & Teukolsky 1983):
B2
8π
=
1
2
ρv2ff (9)
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=⇒ µ
2
8πr6A
=
1
2
M˙
4πr2Avff
v2ff (10)
Where B is the magnetic field, µ is the magnetic dipole moment, ρ is the density of the
matter, vff is the free-fall velocity, rA is the Alfven radius and M˙ is the mass infall rate. To
insure that magnetic fields are unimportant, the Alfven radius should lie within the neutron
star. For a 1012 Gauss magnetic field, the accretion rate has to be:
M˙ ∼> 0.8M⊙ y−1. (11)
Thus for high infall rates the infalling material effectively smothers even high magnetic
fields and its trajectory is unaffected by them.
However, the above calculation may be overly conservative because it ignores the
pile-up of material which occurs at lower infall rates. As the infalling material builds up
around the neutron star, the pressure at the base of the atmosphere increases. In a more
detailed analysis, Chevalier (1989) calculated the relative importance of radiation and
magnetic pressure for this built up material around a neutron star. He found that for the
radiation pressure to exceed the magnetic pressure at the surface of a 1013 Gauss neutron
star, the infall rate need only exceed 5 × 10−6M⊙ y−1, in support of our assumption that
magnetic fields are unimportant at high accretion rates.
4. RESULTS
Following the strategy that we mapped out in the introduction, we present two sets of
simulations for which the initial atmosphere structures were defined by either free-fall or
pressure equilibrium conditions. Recall that the infall atmospheres model the likely initial
conditions encountered by a neutron star entering a medium. The infall simulations provide
clues to the structure of the developing atmosphere which, in most cases, will become
similar to our second set of models, the equilibrium atmospheres. From the equilibrium
atmosphere simulations, we can then determine the ultimate fate of these systems. In both
cases, we found that the outcome is primarily dependent upon one parameter: the infall
rate for the infall atmospheres and the entropy for equilibrium atmospheres. In this section,
we also compare our results to prior analytical derivations obtained by C89 and HC for
infall atmospheres and CHB for equilibrium atmospheres.
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4.1. Infall Atmospheres
The structure of infall atmospheres has been discussed analytically by C89 and in
more detail by HC and Brown (1995). The qualitative structure, and indeed much of the
quantitative results, predicted by C89 is in good agreement with our numerical simulations.
The density and pressure profiles derived by C89, with only a slight modification of the
adiabatic index, match our numerical simulations closely. Still, as we shall see further,
the seemingly innocuous deviation of the adiabatic index for very high infall rates has
non-negligible consequences on the overall hydrodynamical evolution. Yet of greater
importance, convection adds a new dimension to the problem as high-entropy bubbles drive
the accretion shock outward. We begin this section with a summary of conditions prevailing
in steady state infall atmospheres, much along the ideas set forth by C89. We then go on
to the analysis of the initial transient which occurs during the onset of accretion and has
important consequences for the subsequent evolution. We then discuss our one-dimensional
simulations and compare them to the work of C89. We end this section discussing the
effects of convection on infall atmospheres.
4.1.1. Steady State Infall Structure
As a neutron star plows through an ambient medium, material within the Bondi infall
radius is captured and falls inward. Initially, pressure forces are insignificant so that the
infall structure is similar to that predicted by the free-fall solution. Rapidly however,
“the sink backs up” as the Bondi infall rate [M˙B = 4πr
2
Bρext(c
2
ext + v
2
NS)
1/2 where the
“ext” subscript indicates the external density and sound speed] exceeds the acceptance
rate determined by the cooling rates. As matter continues to crash down, it heats up and
pressure increases until it is sufficient to slow down the infall by a shock. The accretion
shock moves outward from the neutron star, until the flow structure (especially conditions
in the neighborhood of the neutron star) allow neutrino losses to match the energy output
due to accretion, or in the case of low infall rates, until the shock emerges from the optically
thick domain. In the latter case, which we will not consider further, the accretion is
Eddington-limited, while in the former case, neutrino cooling allows an essentially unlimited
accretion rate.
The accretion shock separates two distinct structural regions in the infall (see Fig. 2).
Outside the shock, the infall can be characterized by the free-fall solution (see, for example
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C89):
vff =
√
2GM
r
(12)
and
ρff =
M˙B
4πr2vff
, (13)
where G is the gravitational constant, M is the neutron star mass and r is the distance
from the center of the neutron star.
At the shock, using mass, momentum and energy conservation in addition to a perfect
gas equation of state and assuming a strong shock, the shock jump conditions are (C89):
Psh =
γ + 1
2
ρffv
2
ff (14)
and
ρsh =
γ + 1
γ − 1ρff (15)
where the pressure outside the shock is considered to be negligible (strong shock assumption)
and γ is the adiabatic index.
Inside the shock front, in the settling region, we again turn to the conservation
equations assuming spherical symmetry and that all initial transients set by the outmoving
shock wave are quickly ironed out by convection (C89):
∂ρ/∂t +∇(ρv) = 0 mass conservation, (16)
∂v/∂t +∇(v2/2 + P/ρ) = FT momentum conservation, (17)
and
P ∝ ργ adiabatic perfect gas, (18)
where FT is the net external force (in our case, gravity). Steady state solutions demand that
∂v/∂t = ∂ρ/∂t = 0, so that the mass conservation equation becomes 4πr2ρv = const = M˙B.
Moreover, right behind the shock radius, we have that v2/2≪ P/ρ since the flow becomes
subsonic (v2 < c2s = γP/ρ ∝ ργ−1). From the mass conservation equation, v2 ∝ ρ−2r−4
so that the ratio (v2/2)/(P/ρ) ∝ r−4ρ−1−γ . Since ρ is obviously a decreasing function of
radius, we have that v2/2≪ P/ρ everywhere behind the shock. One can thus neglect the v2
term in the momentum conservation equation (17) throughout the region behind the shock,
so that the determination of the density and pressure becomes straightforward (C89).
ρ = ρsh
(
r
rsh
)−1/(γ−1)
(19)
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and
P = Psh
(
r
rsh
)−γ/(γ−1)
. (20)
As the pressure, and hence temperature, at the base of the atmosphere increases, the
neutrino emission increases. Because of the low cross-section of interaction with matter
(σν = 10
−43 cm2 vs. σγ = σT = 6 × 10−25 cm2), the neutrinos are not trapped like
the photons and commence cooling the base of the atmosphere. An important cooling
mechanism is the capture of electrons and positrons by free protons and neutrons with
emission of electron neutrinos and anti-electron neutrinos respectively. In the regime where
pairs dominate and the matter is completely dissociated into free nucleons (corresponding
to a high temperature and entropy), the emission rate can be approximated by (Herant et
al. 1992):
dǫnuc
dt
= 2× 1018T 6MeV erg g−1 s−1. (21)
Also important is the annihilation of electrons and positrons into neutrino antineutrino
pairs of all flavors which, if pairs dominate, can be written as (Herant et al. 1992):
dǫpp
dt
= 1.9× 1025T
9
MeV
ρ
erg g−1 s−1. (22)
In steady state, the neutrino losses balance the gain in potential energy due to
accretion;
4πr2NS(∆rER)ρ
dǫtot
dt
=
GMNSM˙B
rNS
(23)
where ∆rER is the thickness of the emission region at the base of the atmosphere where
most of the cooling takes place (one temperature scale height, ∼ rNS/8), dǫtot/dt is the
specific neutrino cooling rate from the neutrino emission processes[eqs. (21), (22)]. This last
expression closes the set of equations that determines the steady state of the system and
allows one to determine rsh. For instance, we can use the approximation that the pressure
is dominated by radiation at the base of the atmosphere (i.e. Patm = aT
4
atm, γ = 4/3) to
determine the temperature at the base of the atmosphere from equations (12)-(20), and
thus the cooling rate for free nucleon emission:
dǫnuc
dt
= 8.5× 1015
(
M
1.4M⊙
)3/4 (
M˙B
M⊙y−1
)3/2 (
rNS
10 km
)−6 ( rsh
100 km
)9/4
erg g−1 s−1, (24)
and pair annihilation:
dǫpp
dt
= 9.2× 1016
(
M
1.4M⊙
)13/8 (
M˙B
M⊙y−1
)5/4 (
rNS
10 km
)−6 ( rsh
100 km
)15/8
erg g−1 s−1. (25)
– 17 –
For most steady-state accretion scenarios, the pair annihilation emission process dominates
the cooling, so we will ignore nucleon emission in determining rsh. Assuming a 10 km,
1.4M⊙ neutron star, we obtain a result similar to C89:
r
γ=4/3
sh = 6.7× 108M˙B
−10/27
cm, (26)
where M˙B is in M⊙ y
−1. Our neutrino emission processes are slightly different from those in
C89 which, combined with a different value for the emission region (we used rNS, accounts
for the slight differences between the two solutions. We can repeat this derivation for
various values of gamma to obtain:
rγ=1.37sh = 3.3× 109M˙B
−0.46
cm (27)
and
rγ=1.4sh = 1.7× 1010M˙B
−0.56
cm. (28)
4.1.2. The Onset of Accretion and the Initial Transient
We now leave the steady state solution and return to the analysis of the initial
transient which takes place at the beginning of the evolution. During the initial phase
of the accretion, the shock moves out from the surface of the neutron star towards its
steady-state position rsh. As a result, the post-shock entropy decreases as the accretion
shock progresses outwards and weakens. Assuming that radiation dominates, but that
electrons are non-relativistic (which is reasonable away from direct proximity of the neutron
star), the post-shock entropy can be written Ssh = 1.1× 10−11P 3/4sh /ρsh. We can then apply
the shock equations (14) and (15) and the free-fall equations (12) and (13) to determine the
entropy for a given shock radius and infall rate:
S = 5.5× 103 ((γ + 1)/2)
3/4
(γ + 1)/(γ − 1)M
7/8
NS M˙B
−1/4
r
−3/8
6 (29)
where S is in kB per nucleon, MNS is the mass of the neutron star in solar masses, M˙B is
the infall rate in M⊙ y
−1, and r6 is the radius of the shock in units of 10
6 cm. Note that in
the strong shock regime (which applies if the shock radius remains much smaller than the
Bondi radius), the entropy below the shock is independent of the entropy above the shock.
Consequently, in most of our simulations, the initial entropy of the infalling material has
little effect on the resulting structure.
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Because of the dependence on radius (exponent −3/8) of the postshock entropy, the
outward motion of the shock imprints a negative entropy gradient in the inner region during
the initial transient. This entropy profile is evidently unstable and leads to a break in the
spherical symmetry which is not included in the picture developed in C89. The timescale for
convection can be approximated using the Brunt-Va¨isa¨la frequency N (see Cox, Vauclair,
& Zahn 1983):
N2 =
g
ρ
( ∂ρ
∂S
)
P
∂S
∂r
. (30)
For ∂S/∂z < 0, N2 < 0 and the atmosphere is unstable. The timescale for this convection
(τconv) is
√
|1/N2|. Of course, convective instability can also depend on the chemical
composition as an atmosphere may be stabilized by a negative gradient of the molecular
weight. However, the entropy gradients are sufficiently high in our simulations that this is
not a concern. The region within the accretion shock convects until stability is achieved
and ultimately develops into an equilibrium atmosphere.
An additional effect of this initial convection is to drive the shock beyond its steady-
state value, lowering the entropy at the shock [eq. (29)] with respect to the steady-state
prediction. This material ultimately makes its way down to the base of the atmosphere,
defining the entropy of the equilibrium atmosphere. Since the base of the atmosphere
depends on its entropy, this convection- driven overshoot can drastically alter the evolution
of the system. Equilibrium atmospheres and the effect of the initial transient on their
entropy will be addressed in §4.2..
However, this description does not apply to extremely high infall rates. Beginning from
the free-fall solution of matter crashing down on the neutron star surface we have:
GMNSrNS
ρatm
= aT 4atm (31)
so that the temperature at the bottom of the atmosphere is proportional to the density
at the bottom of the atmosphere to the one-fourth power: Tatm ∝ ρ1/4atm. From mass
conservation, we also have that ρatm ∝ M˙ , and as a result Tatm ∝ M˙1/4. Since neutrino
cooling has a high power dependence on temperature (see section 4.2.) there exists a critical
mass infall rate beyond which the accretion shock can hover right above the neutron star
and provide a sufficiently high temperature for neutrino cooling to allow accretion to take
place immediately. In our simulations, this occurs at infall rates upward of 105 M⊙ y
−1
(see Table 2). The critical infall rates are slightly higher for the higher initial entropy
atmospheres due to their lower initial neutrino luminosities.
Thus, rapid mass infall atmospheres lead to three distinct regimes. For a low rate of
infall, material builds up around the neutron star and sends an accretion shock outward
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from the core. The unstable negative entropy gradient inprinted by the motion of the shock
leads to instabilities. The low-entropy matter at the shock is convected downward onto the
neutron star, and eventually an equilibrium atmosphere forms, with the range of outcomes
discussed in section 4.2.. Intermediate rates of infall initially lead to similar situations.
However, the intense neutrino emission leads to cooling times shorter than the convective
time, thus preventing the formation of an equilibrium atmosphere. For a high rate of infall,
the material is shocked at close proximity of the neutron star surface and cools efficiently
through neutrino emission without further ado.
4.1.3. One-dimensional Simulations
We have modeled a series of infalls for a range of infall rates and initial entropies. The
results from the one-dimensional simulations are shown in Table 2. Note that the initial
entropy has little impact, except in mass accretion rates near the transition between high
and intermediate infall regimes.
Although the structure of the infall atmosphere is reasonably well described by the
analytical derivation of C89, we found that the effective adiabatic index γ from our more
detailed equation of state is slightly higher than the radiation dominated 4/3 assumed by
C89 (see Fig. 3). For infall rates below 1 M⊙ y
−1, this deviation is too small to have a
significant impact on the flow structure, but for higher infall rates, it has a crucial influence
on the steady state position of the shock. Figure 4 shows rsh versus accretion rates for
a range adiabatic indices (1.33, 1.37, 1.40) using equations (26-28). Note that by merely
changing γ from 4/3 to 4.2/3 for the 100 M⊙y
−1 simulation changes rsh by an order of
magnitude. This is important because, as we have seen in the previous section, the position
where the shock stalls determines the entropy of the atmosphere which develops in the
inner region in the vicinity of the neutron star. As we shall discuss in section 4.1.4., this
entropy determines the ultimate fate of the atmosphere.
Figure 5 shows the entropy profile established by the transient motion of the shock from
the surface of the neutron star toward its steady state radius. As predicted by equation (29),
the entropy gradient is negative and will thus be subject to convective instabilities. Table
2 lists Brunt-Va¨isa¨la timescales along with neutrino luminosities, effective γ’s, and central
entropies for all the one-dimensional simulations. It is clear, however, that multidimensional
simulations are needed to calculate the subsequent evolution.
– 20 –
4.1.4. Two-dimensional Simulations
Since the high infall regime is not conducive to instabilities, we have limited our
two-dimensional simulations to intermediate and low rates of infall. These atmospheres
become active quickly (recall the short Brunt-Va¨isa¨la timescales) sending bubbles outward
through the inner region. These bubbles contribute to the outward push of the shock,
while plumes of low-entropy material stream down towards the neutron star (see Fig.
6). To better appreciate the properties of infalling atmospheres, the distinction between
intermediate and low infall atmospheres needs to be elucidated. In addition, for the
low infall regimes, we would like to determine the entropy of the resulting equilibrium
atmosphere. As stated in the introduction, due to the relatively long convecting timescales
(> 104 s), it is impossible to simulate a complete convective turn over as the Courant time
step restriction near the neutron star is of order of tens of µs. Nevertheless, the simulations
provide sufficient indications about the long term behavior of the system to allow us to
predict the ultimate outcome of the evolution.
In our simulations, we have noticed that the typical velocity of an infalling plume of
material travelling between the shock and the neutron star is ∼ 0.1 the free-fall velocity.
Knowing this, we can estimate the convective turnover timescale (see Table 3):
τconv = 10 tdyn = 10
πr
cs
= 10
πr1.5√
GMns
(32)
where tdyn is the dynamical timescale, r is the radius of the material to be convected inward;
τconv is the time to advect material from the shock to the neutron start surface. The time
τconv must be compared with the time τBH required for the neutron star to accrete enough
material to collapse into a black hole (see Table 3):
τBH =
1
Lν
GMNSm
rNS
(33)
where Lν is the total neutrino emission per unit time, m is the additional mass required
to induce collapse (we use 0.2 M⊙), and rNS is the neutron star radius. When τconv > τBH
which corresponds to the case of intermediate rate of infall, we expect the neutron star to
collapse into a black hole before an equilibrium atmosphere can be formed. However, when
τconv < τBH, which corresponds to low rates of infall, there is sufficient time for convection
to form an equilibrium atmosphere. In these cases, we can use equation (29) to determine
the resultant entropy for the equilibrium atmosphere.
These results can be approximately summarized as follows. Very high rates of infall
(M˙ ∼> 106M⊙y−1 – Note that these numbers are estimates as these rates depend on
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additional factors such as the Bondi radius and initial atmosphere entropy) clamp the
shock close to the neutron star and lead to rapid accretion and black hole formation. An
intermediate rate of infall (103M⊙y
−1 ∼< M˙ ∼< 106M⊙ y−1) does not have the time to form
a proper atmosphere as it rapidly leads to collapse into a black hole. Low rates of infall
(M˙ ∼< 103M⊙y−1) allow sufficient time for an equilibrium atmosphere to develop. The
structure and fate of these equilibrium atmosphere are discussed in the next section.
4.2. Equilibrium Atmospheres
In the previous section, we have studied the initial development of an accretion
structure around a neutron star encountering an external medium. We now turn to the
ultimate fate of these systems after convective stability has been achieved. Given the
condition of initial pressure equilibrium, the most massive atmosphere that can form stably
above a neutron star is isentropic, where the entropy is determined by whichever density
and temperature is chosen at the surface of the neutron star. More massive atmospheres
can be constructed with a negative entropy gradient, but they are unstable to convection.
Because even a small negative entropy gradient rapidly drives convection [see eq. (30)
for convective timescale], stellar models always adjust themselves to constant entropy or
positive entropy gradient structures. We expect the same situation for atmospheres around
neutron stars. Consequently, we believe that the most simple and appropriate way to
parametrize the set of the possible atmospheres is to use isentropic initial conditions.
The analytical work of CHB has examined the characteristics of constant entropy
equilibrium atmospheres with the additional assumption that the pressure and internal
energy are dominated by radiation and electron pairs contributions (that is, P = 11/12aT 4).
This remains valid at the base of the atmosphere for entropies less than 400 kB/nucleon
[see eq. (38)] and larger than 30 kB/nucleon. The radiation component of the entropy (in
units of Boltzman factor per nucleon) can then be expressed (CHB):
Srad =
4
3
× 11
4
aT 3/(ρkBNA) = 1.4× 10−11P 3/4/ρ = 5.2× 108T 3MeV /ρ (34)
This expression is valid when the entropy and temperature are high. For high entropies,
Srad ≈ Stot, so that the analytical derivations can be compared directly to our models with
increasing accuracy the higher the entropy.
Assuming constant entropy and a radiation pressure dominated system, one can use
the hydrostatic equation of pressure equilibrium to derive the structure of the atmosphere
(CHB).
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P = [
1
4
MNSG(Srad/S0)
−1(1/r − 1/r1) + P 1/41 ]4 dyne cm−2, (35)
where S0 = 1.4 × 10−11 kB/nucleon with r1 and P1 referring to the radius and pressure
at the outer boundary. Implicit to this derivation is that the mass of the atmosphere is
negligible when compared to the neutron star mass. As we shall see, for high-entropy
atmospheres, this is a good assumption.
In most cases, the radius of the outer boundary is sufficiently large that the terms
involving r1 and P1 can be neglected. In the equilibrium simulations, we have included
varying degrees of boundary pressure (motivated in part by the computed pressure of the
infalling material from our infall simulations - §4.1.). Thus, we have incorporated the full
equations in our comparison with the analytic solutions. Nonetheless, the basic structure
of the atmospheres changes very little (less than a factor of 2 for even the most extreme
external pressures) by ignoring the boundary conditions, so we will present the structure
equations in their simple, P1 = 0, r1 ≫ rNS form (CHB):
Patm = 1.83× 1035 S−4rad r−46 dyne cm−2, (36)
and using equation (34), we find,
ρatm = 3.9× 1015 S−4rad r−36 g cm−3, (37)
Tatm = 195S
−1
rad r
−1
6 MeV, (38)
Matm = 24.5S
−4
rad ln(rmax/rNS), M⊙ (39)
where r6 is the radius in units of 10
6 cm, and Srad is the radiation entropy in units of
kB/nucleon. These expressions assume a 1.4 M⊙ neutron star, like in our simulations. The
most significant consequence from setting P1 = 0 and r1 ≫ rNS is in the total mass of the
atmosphere, Matm. Figure 7 plots Matm as a function of entropy for an outer radius of the
atmosphere of 109 cm and 1013 cm using equation (39) in the case of no external pressure
(dashed lines) and additional external pressure (solid lines). When present, the external
pressure was determined using our infall models (see §4.1.) to find the maximum realistic
infall pressure (Pinfall =
1
2
ρffv
2
ff) at a given radius and entropy. These lines represent the
maximum achievable mass for a stable atmosphere of the prescribed radius and entropy.
Note that despite the fact that constant entropy structures are the most massive stable
atmospheres, their masses tend to be small. More massive atmosphere would require a
negative entropy gradient which would then be convectively unstable.
Using equations (21), (22) combined with the structure equations for temperature and
density, it is apparent that the neutrino energy emission per gram falls off roughly as r−6
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implying that most of the neutrino emission (and hence cooling of material) occurs close to
the neutron star. We estimated the cooling rate by assuming a nearly constant neutrino
cooling over a scale height of the emission region (subscript “ER”) rER = rNS/8 above the
neutron star and calculating the neutrino luminosity per gram in this region. The mass
accretion is then:
M˙ =MERLER/EER (40)
where MER is the mass within a scale height of the neutron star, LER is the neutrino
emission from that region using equations (21) and (22), and EER was chosen (somewhat
arbitrarily) to be half the potential energy GMNSMER/(rNS + rER) gained by the material
falling from infinity. Combining these equations and using the P1 = 0 atmosphere structure,
we obtain:
M˙ = 9.0× 1011S−10rad (1 + Srad/55) M⊙ s−1 (41)
Neutrinos emitted at the base of of the atmosphere can be recaptured and heat matter
higher up. This is especially important for low- and intermediate-entropy atmospheres
(S < 50). Neutrino absorption by free nucleons gives rise to the following heating term
(Herant et al. 1992):
dǫ
dt
= 4.8× 1032 Lν
4πr2
T 2ν erg g
−1 s−1 (42)
where Lν is the electron neutrino luminosity which is due to neutrino emission at the base
of the atmosphere, and Tν is the neutrino temperature which tends to be similar to the
matter temperature near the surface of the neutron star. We have seen earlier that cooling
is proportional to r−6, while it appears that heating is proportional to r−2. One therefore
expects that there exists a radius separating an inner region where cooling dominates from
an outer region where there is a net gain in energy from neutrino processes. This is known
in supernova circles as the gain radius.
The preceding equations give an analytical picture of the dominant physical processes
involved for atmospheres in which photons are trapped. Note that nuclear burning effects
were ignored. In our simulations, we have noticed that the initial chemical composition
of the atmospheres has little effect upon the end result. As was seen analytically, we find
that the primary parameter characterizing the atmospheres is entropy. For a low-entropy
atmosphere, an immediate explosion is generated by the intense emission of neutrinos and
the resulting energy deposition just beyond the gain radius. Intermediate ranges for entropy
still exhibit noticeable effects from neutrino heating which induce convection. For these
entropies, two-dimensional simulations of the atmospheres are required to fully investigate
the hydrodynamical evolution. For high-entropy atmospheres, neutrino heating turns out to
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be unimportant, and hence there is no convection. However, neutrino cooling continues to
determine the accretion rates up to extremely high entropies. These results are summarized
in Table 4, and presented in more details in the following sections.
4.2.1. Low-entropy Atmospheres
Figure 1 shows the sound travel time (τs) through the neutrino emission region together
with neutrino cooling and photon diffusion time scales. For Srad ∼< 14 kB/nucleon, which
corresponds to Stot ∼< 22 kB/nucleon for our simulations, we find that the neutrino cooling
time is faster than the sound travel time. Because of this, it is physically impossible to
form such an atmosphere in hydrostatic equilibrium. It is thus unlikely that equilibrium
atmospheres with low entropies can exist. Just to see what would happen, we have
constructed such atmospheres in pressure equilibrium artificially maintained by ignoring
neutrino effects. These atmospheres lead to neutrino-driven explosions as soon as neutrino
processes are turned on. Despite the fact that they are unphysical, low-entropy atmospheres
illustrate the importance of neutrino energy deposition beyond the gain radius. This
process also plays a critical role in the more physical scenarios of supernova explosion, or in
intermediate entropy atmospheres which are discussed below.
4.2.2. Intermediate-entropy Atmospheres
For atmospheres within a range of intermediate entropies (30 ∼< Stot ∼< 50), the sound
crossing time is much less than the neutrino cooling time (τs ∼< 0.01τν), allowing the
formation of atmospheres in pressure equilibrium. However, neutrino deposition is still
sufficiently strong to heat the atmosphere just beyond the gain radius and thus raise the
otherwise constant entropy of this region above the value of the rest of the atmosphere. The
resulting negative entropy gradient is unstable and convection takes place. In supernova
simulations (HBHFC), this convection increases the efficiency of neutrino heating leading
eventually to an explosion. In the context of our simulations, in order for the convection
to be important, it must be able to overcome the general advection inward resulting from
the sharp decrease in pressure support as material near the neutron star surface is quickly
cooled by neutrino emission. Or in simpler terms, the bubbles have to rise faster than they
are dragged inward by the general accretion flow. We can estimate the relative importance
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of these effects in the atmosphere by comparing the Brunt-Va¨isa¨la and infall time scales
(see Table 4). Evidently, multidimensional simulations are required to correctly model these
phenomena.
Figure 8 shows the effects neutrino heating for an Stot = 50 atmosphere on the entropy
profile in a one-dimensional computation. While neutrino cooling rapidly decreases the
entropy at the base of the atmosphere near the neutron star, neutrino absorption further
up leads to the formation of an entropy peak and an associated negative entropy gradient
which will drive convective instabilities. When the same atmosphere is simulated in two
dimensions, large scale convection arises from the neutrino induced negative entropy
gradient as can be seen in Figure 9. Within this entropy range, the two-dimensional
calculations resulted in the expulsion of the atmosphere in what might be considered a
“mini-supernova” (see Fig. 10). Table 4 gives explosion energies for atmospheres of different
entropies. The energies are much lower than supernova energies primarily due to the low
mass of the atmospheres (Matm(1000 km) ∼ 10−5 − 10−3M⊙).
Rather than trap the released gravitational energy near the surface of the neutron
star to be ultimately emitted in neutrinos, convective bubbles transport the energy up
through the atmosphere as they rise. Such extensive convection raises the question whether
our one-dimensional analysis which showed photon diffusion to be negligible is still valid.
However, given the short timescales required for the explosion to develop in our simulations,
photon diffusion remains unimportant. For example, in the worst case scenario of our
Stot = 50 atmosphere after 0.5 s (see Fig. 11), we find from equations (37) and (7) that
photons at 2000 km diffused less than 1.5 km during the course of the simulation, a fraction
of the particle size at that radius.
4.2.3. High-entropy Atmospheres
In the case of high-entropy atmospheres (Stot ∼> 60), neutrino deposition has little effect
upon the infalling atmosphere. Neutrino emission, however, remains an efficient source
of cooling for all our simulations which extend up to Stot = 125. In fact, neutrino losses
dominate photon losses up to Stot = 600 (Fig. 1).
Figure 12 plots the entropy profile at discrete time intervals (80 ms) for a typical
one-dimensional run (Stot = 80). The cooled, low-entropy matter consists primarily of
neutrons (Ye ∼ 0.1) and has essentially become part of the neutron star. Note that for these
high-entropy atmospheres, no entropy “bump” develops through neutrino heating. Figure
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13 shows the neutrino luminosities and mean energies vs. time. The neutrino luminosity
increases initially and then stabilizes, indicating a constant rate of accretion for the duration
of the simulation. In essence, the system has reached a steady state in which the neutrino
emission exactly balances the compression work done by gravity on the gas settling on the
neutron star. In these conditions, hypercritical accretion is maintained until the neutron
star collapses into a black hole.
For each simulation, the constancy of the accretion rate was verified by fitting the
accreted mass vs. time with a straight line (see Fig. 14 for a typical fit), and the r.m.s.
deviation was estimated. Figure 15 presents a comparison between the accretion rate
calculated analytically and numerically as a function of atmosphere total entropy. The open
symbols were plotted using a straight insertion of the total entropy while the filled symbols
were plotted by computing the radiation entropy from the numerical simulations and using
this value in equation (40). The remarkable agreement between analytical and numerical
calculations (when the radiation entropy is used) shows that our models are self-consistent.
In addition, we note that as entropy increases, the difference between Stot and Srad becomes
smaller and smaller. Together with the good agreement with the CHB model, this allows us
to extrapolate the behavior of our atmospheres beyond the range of entropies that we have
simulated.
Figure 16 show the analytical accretion rates for high-entropy atmospheres. The lower
and upper curves represent the cases with no external pressure, and with external pressure
at 1000 km of 0.25% the pressure at the surface of the neutron star respectively. Of
course, in reality the external pressure on the atmosphere is determined by the formation
mechanism. However, the limits that we have chosen bound the results from all our infall
models (see section 4.1.) and it is unlikely that any of the formation mechanisms will
produce atmospheres with external pressures beyond these limits. Note also that photons
are still trapped out to 100 times the neutron star radius at an entropy ∼ 600 kB/nucleon,
which is over a factor of ten times higher than typical stellar entropy values.
4.3. Summary of Results
We are now in position to tie together our studies of infall models with the behavior
observed in our equilibrium atmosphere simulation, to create a complete picture of the
evolution of rapid accretion onto neutron stars (see table 5). As we know from section 4.2.,
if the entropy is greater than ∼ 600, then the atmosphere is be stable over long time scales.
For 600 < S < 50, the atmosphere accretes hypercritically. But for 50 < S < 30, neutrinos
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heat the base of the atmosphere, ultimately leading to explosions. The mass accreted before
the explosion is Mexp = M˙τexp, where M˙ = (GMNS/rNS)/Lν and τexp ∼ τconv. These values
are shown in Table 3. The final results for the objects in Table 1 are listed in the last
column. Immediate collapse designates atmospheres in the high or intermediate regimes,
S > 600 atmospheres are stable, 600 < S < 50 atmospheres suffer delayed collapse, and
50 < S < 30 atmospheres result in explosions.
We will now summarize these results in terms of accretion rates. Very high rates
of infall (M˙ ∼> 106M⊙y−1) clamp the shock close to the neutron star and lead to rapid
accretion and black hole formation. Very low rates of infall (M˙ ∼< 10−4M⊙y−1) allow
the entropy to rise to about 600 kb/nucleon and form a stable atmosphere lasting many
dynamical times. Low rates (10−4M⊙y
−1 ∼< M˙ ∼< 0.1M⊙y−1) of infall form a stable
atmosphere in near pressure equilibrium which nonetheless accretes hypercritically and lead
to the eventual formation of a black hole. Medium-low (0.1M⊙y
−1 ∼< M˙ ∼< 103M⊙y−1)
rates of infall also form a stable atmosphere in near pressure equilibrium but neutrino
heating eventually leads to an explosion rather than black hole formation. Finally, an
intermediate rate of infall (103M⊙y
−1 ∼< M˙ ∼< 106M⊙y−1) does not have the time to form a
proper atmosphere as it rapidly leads to collapse into a black hole.
4.4. Initial Transient Revisited
We have implicitly assumed in §4.3. that the initial transients define the fate of the
system. However, if a system evolves into a steady state, this steady state can be maintained
as long as any variations in the infall rate are sufficiently slow that the atmosphere can
adapt to the changes before vigorous convection develops. The ultimate fate of the system
is identical under the steady-state solution and the transient solution for all regimes except
the medium-low regime which results in explosions. We will thus limit this discussion to
the specific cases where a steady-state system evolves and then the infall rate is gradually
changed to place it in the medium-low regime. If the steady state is maintained, the
boundary between low and medium-low regimes will rise, limiting the range of atmospheres
that fall into the medium-low regime. In this section, we will estimate how slow the infall
rate must change to maintain the steady state system under various developments of the
infall rate and the modifications to the results if a steady state is maintained.
We will consider two possible scenarios in which we begin with a steady state system
and then modify the infall rate: a very high initial rate (M˙ ∼> 103M⊙y−1) corresponding
to supernova fallback, and a low initial rate (M˙ ∼< 10−4M⊙y−1) corresponding to stellar
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encounters. For the very high initial rate, a steady state system can not be formed because
the convection timescale is longer than the timescale for the neutron star to accrete
sufficient material to become a black hole. For low initial infall rates, a steady state system
can form and be maintained with a sufficiently slow increase in the infall rate.
As we increase the infall rate on an initial equilibrium atmosphere, the entropy of the
material at the shock radius decreases, becoming lower than the entropy of the equilibrium
atmosphere. This system is then unstable to convection. If convection can equilibrate this
disparity in entropy before the entropy changes sufficiently to cause vigorous convection,
then the system will remain in steady state. We can estimate a minimum timescale required
for the convection from our calculation of the convective turnover timescale [see eq. (32)].
This timescale was derived assuming the same vigorous convection which we are trying
to avoid and is, therefore, certainly an underestimate of the time required. At a radius
of 1011cm, the vigorous convective timescale is 1.6 × 104s. We will discuss the details of
convection in the appendix from which we determine that for density enhancements greater
than ∼ 20%, the convective velocity rises within a factor of 2 of the sound speed, which is
too fast to model under the mixing length algorithm. We will define “vigorous” convection
to begin where mixing length fails. With this approximation and using equation (13), we
notice that only for situations where M˙ changes by less than 20% over the convective
timescale can a steady-state system be maintained. From Table 1, we see that even this
underestimate of the timescale precludes most collision formation scenarios, but allows for
the possibility to maintain a steady state in common envelope systems.
As mentioned in section 4.3., for 50 < S < 30 atmospheres, neutrino heating leads to
an explosion. Assuming that the initial transient defines the entropy profile, these entropies
are achieved for M˙ ∼> 0.1M⊙y−1. In the steady state solution, we can use equation (29)
and equations (26-28) to determine the infall rate above which the equilibrium atmosphere
entropy is less than 50: ˙Mcrit = 20M⊙y
−1. Thus, if a steady state is maintained, the critical
infall rate between the low (hypercritical accretion) regime and the medium-low (explosion)
regime will move from 0.1M⊙y
−1 to 20M⊙y
−1.
5. IMPLICATIONS
We can now apply the results from the two sets of simulations to a range of astrophysical
situations involving high infall rates onto neutron stars. In this section, we discuss neutron
star accretion in the context of TZ objects, common envelope systems, neutron stars
in dense molecular clouds, and supernovae. Because our two-dimensional simulations
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invalidate a number of results previously obtained in one dimension, we present a criterion
for the appropriateness of the mixing length algorithm to model convection. Further, the
discussion of specific systems provides examples of the methodology in applying our results
to the study of other objects. We end this work with a brief discussion of the observational
properties of the explosion regime and a note on plans for future work.
5.1. TZ Objects
All the formation scenarios for TZ objects discussed previously (see §1.) involve a
neutron star spiralling into a red giant star. As it approaches the core, the infall rate
becomes high. For example, a neutron star moving at 100 km s−1 at a radius of 5 × 1010
cm inside a 20 M⊙ giant has a mass infall rate of 1.8 × 106M⊙ y−1. We can easily verify
that all our assumptions hold. That is, the time delay due to angular momentum transport
is short (∼ 0.5 s) and the impact of rotational support is minimal (see §3.3.2.), magnetic
fields ∼< 1015 Gauss will be buried by the inflow of material (see §3.3.4.), and photons will
be trapped out to the Bondi accretion radius (see §3.3.3.). Looking at Tables 3 and 4, we
see that this infall fits into the intermediate regime, which forms a shocked atmosphere but
accretes it through neutrino emission before it can become completely mixed. These kind
of systems quickly collapse into black holes (for our specific case, the time scale for collapse
∼ 1 minute). Hence, the current range of scenarios cited in the literature as possible birth
mechanisms for TZ objects will not form TZ objects.
Even assuming that a proper formation scenario can be found, it is difficult to imagine
how a TZ object could exist for an extended period of time. Peculiarities in the structure of
TZO seem to inevitably lead to instabilities which destroy the object. All stellar structure
models of TZO have to smoothly connect the base of the envelope to the surface of the
neutron star. In order to prevent significant neutrino emission, the base of the atmosphere
must remain relatively cool (∼< 109K). Eich et al. (1989) were able to construct such
cool inner regions (which they call insulating layers) with low neutrino emission while
maintaining the appropriate pressures. They argued that high-temperature atmospheres
would emit neutrinos and turn into the low-temperature stable atmospheres that they
had created. Our results clearly show that this is not the case and that once it begins,
neutrino emission increases to a high value which maintains a high rate of accretion. In our
simulations, after an initial transient, the neutrino emission rate becomes nearly constant
(see Fig. 13) rather than shutting itself off after cooling the material at the surface of the
neutron star.
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This can readily be explained by the fact that energy losses due to neutrinos deleptonize
and decrease the specific internal energy of the base of the atmosphere. Since the pressure
is set by the structure above, the base of the atmosphere can only adjust and try to
maintain pressure equilibrium by compression. This increases density and temperature (or if
degeneracy has set in, the Fermi energy increases) and thus keeps up the neutrino emission
rate until the material is incorporated into the neutron star. It may appear paradoxical
that a loss of energy via neutrino emission could increase the temperature (or the Fermi
energy). However, we all know that as a star evolves, the entropy of the core continually
decreases, while the central temperature keeps increasing [see also eq. (38)]. All this is
related to the fact that under certain conditions, the heat capacity of gravitational systems
can be negative (inasmuch as a gravitational system can be considered a thermodynamical
system). As a result, once neutrino emission begins to have a dynamical effect, i.e. the
compression of the base of the atmosphere, it will continue to be important. Thus the low
temperature atmospheres constructed by Eich et al. (1989) are unstable.
In addition, the region above the inner layer postulated by Eich et al. (1989), has
to have a high entropy S > 600 kB/nucleon, so that neutrino losses remain unimportant
(Fig. 14). Not withstanding the fact that such entropies are an order of magnitude greater
than those found in main sequence or even giant stars, a gravitationally bound atmosphere
with S > 600 would have little mass (recall Fig. 8). Biehle (1991, 1994), Cannon et al.
(1992), and Cannon (1993) have attempted to overcome this mass problem by placing a
low-entropy envelope on top of the high-entropy inner region, with associated large negative
entropy gradients (see Fig. 16). These atmospheres are, of course, unstable and Biehle
and Cannon use the convective instability to transport energy outward and bring fuel
down into the burning region of their stellar models. However, they treat convection with
the mixing length approximation. While Biehle and Cannon were able to maintain the
structure of their atmospheres by assuming mixing length convection, we have found that
this assumption is invalid by running two-dimensional calculations. Figure 17 illustrates
the vigorous convection arising from Biehle’s initial structure after 0.1 s. This convection
eventually drives a shock through the atmosphere, disrupting it, and blowing it away.
An intrinsic assumption of mixing length theory is that the convective evolution is
nearly adiabatic, and slow compared to the dynamical timescale so that the evolution can
be represented by a series of quasi-static equilibria. As a result, a necessary (but probably
not sufficient) criterion for the validity of mixing length is that the sound travel time across
a convective cell is much less than the rise time for that cell to move one cell length, or
equivalently that the convective velocity is very subsonic. The mathematical details of this
criterion are discussed in the appendix. Table 6 lists the rise times and velocities calculated
with equations (A5) and (A6) for the convective cells after they travel one scale height for
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a typical supernovae simulation, the Sun, and the TZ models of Biehle and Cannon. Note
that only for the Sun is the ratio of the rise time over the sound crossing time much less
than one. Of our four examples, only the Sun satisfies this essential assumption of mixing
length theory.
We have argued above that currently envisioned astrophysical scenarios are incapable
of forming TZ objects. It also appears that present models of TZ structures improperly
account for convection using mixing-length algorithm, and thus result in unphysical objects
which are artificially stable.
5.2. Common Envelope Systems
For a common envelope system, comparison to our results is less straightforward. Let
us again discuss the characteristics of a specific case from Table 1. For a neutron star 1012
cm from the center of a 20M⊙ giant, moving at v ≈ vorb = 100 km s−1, the infall rate
is 175M⊙ y
−1. Again, photons are trapped out to the Bondi radius and magnetic fields
∼< 4 × 1013 Gauss will be smothered by the infalling material. Angular momentum induces
a significant delay time in the accretion of order 200 s which is nevertheless much less than
the orbital timescale. As we shall see, this situation leads to a neutrino induced explosion.
The convection timescale for this particular case is much less than the neutrino cooling
timescale (see Table 4). This corresponds to the medium-low infall rate regime from
our results. In this regime, the postshock entropy of the infalling material is critical to
determine the outcome. From Figure 2, it is clear the accretion shock will lie at a radius
> 108 cm, and using equation (29) the postshock entropy will be ∼< 50 kB/nucleon, if the
shock is strong, which it is not since this value is close to the specific entropy of the material
outside the Bondi radius. Nevertheless, this allows to estimate that the entropy of the
equilibrium atmosphere which forms above the neutron star corresponds to 29 < S < 50
where the upper limit comes from the maximum post accretion shock entropy and the
minimum comes from the entropy of the ambient matter.
From our models of equilibrium atmospheres (see §4.2.), we know that these conditions
will lead to explosions. These explosions may be sufficient to blow off the atmosphere
and halt the inward spiral of the neutron star, forming close binary systems such as
PSR 1913+16 (see Smarr & Blandford 1976 or Burrows & Woosley 1986). However, if
the injected energy is insufficient to completely expel the atmosphere, the neutron star
continues to fall into the giant star, as a new atmosphere once again builds up around it.
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Extrapolating from Table 4, we estimate that the neutron star might survive 50 outbursts
over 100 years before it accretes ∼ 0.2 M⊙. Simulations of double core evolution (Terman,
Taam, & Hernquist 1994) estimate inspiral times ∼< 1 year with some cases where the
energy input from viscous forces on the neutron star (∼ 1047 ergs) is sufficient to drive off
the envelope and halt the inward spiral of the neutron star. The neutron star will certainly
survive this evolution, and this offers yet another way to form close binary systems.
However, we must here qualify our claims. As we have said before, it is not possible
to run a continuous simulation from the convective infall regime to the stable equilibrium
atmosphere which eventually appears. Thus, we are forced to infer indirectly the entropy
of this equilibrium atmosphere from the early behavior observed in our infall simulations.
Should the entropy for some reason end up larger than 50, then an explosion will not occur,
but rather, the atmosphere will undergo steady, hypercritical accretion until the neutron
star collapses to form a black hole.
5.3. Supernovae
At present, the details surrounding the explosion mechanism for supernovae are not
sufficiently well understood to place any firm constraints on the fallback of matter onto the
neutron star after a successful explosion (e.g. see Herant et al. 1994). Taking into account
these uncertainties we would still like to address the questions whether fallback can lead
to the formation of a black hole or a secondary explosion. A 25 M⊙ supernova progenitor
exploded by Woosley & Weaver (1995) gives rise to an initial fallback rate of 107M⊙ y
−1,
decreasing thereafter. This initial value is just within the high accretion regime which
corresponds to unrestricted accretion by the neutron star. This may or may not push the
neutron star over its maximum mass, and make it collapse into a black hole. If this does
not happen, the declining accretion rate will eventually reach the low infall regime which
corresponds to explosions. Those would then blow off the remaining bound atmosphere.
Note that the infall rate from this particular simulation was near the division between the
high and low infall regimes, implying that uncertainties in the explosion mechanism coupled
with differences between supernova progenitors may lead to very different outcomes, one in
which a black hole forms, and another in which a secondary explosions expels the remaining
material bound to the neutron star.
5.4. Explosions
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Explosions add an entirely new observational dimension to the the evolution of rapid
mass infall systems which we have considered in this paper. Physically, these explosions
are most akin to Type II supernovae, and thus, some of the observational aspects may be
similar (velocities, compositions) even though the amount of mass expelled and energy
should be a factor of 10−5 smaller. Moreover, it is clear that the extent and amount of
material in which a neutron star is embedded during such an explosion will have a crucial
impact on the observational signature. The range of possible signatures is vast, requiring a
more detailed analysis which we relegate to future work. However, in some circumstances,
these supernova-like objects may still be bright enough to be seen in nearby galaxies.
Using observed abundances of Be systems and Massive Binary systems, Biehle (1991)
has derived the formation rate of common envelope systems to be between 2 × 10−5 and
6 × 10−4 per year in our galaxy. Using the entire set of observations of massive X-ray
binaries, Cannon (1993) gave a not too different estimate of 10−3 objects per year in our
galaxy. Iben, Tututov, & Yungelson (1995) predict 1.5 × 10−3 objects using an entire
neutron star census. Because the “embedding” companion star will usually be massive,
explosions in these systems are likely to be damped as they propagate through the massive
envelope. They may therefore appear only as enhancements of an already strong wind, and
changes in chemical abundances.
Focusing on globular clusters, Davies & Benz (1995), have obtained a reliable formation
rate of 10−8 per year per cluster (which corresponds to ∼ 10−6 per year per galaxy) through
extensive encounter simulations. They also predict that these collisions generally result in a
∼ 0.3M⊙ atmosphere remaining bound to the neutron star. Due to the smaller amount of
mass surrounding the neutron star, explosions from these atmospheres will be less damped
and might be observed as supernova-like objects. However, the low formation rates limit
the observational prospects for these objects. One should note though, that these objects
have been proposed as progenitors of millisecond pulsars. If, instead, they blow off their
atmospheres before accreting sufficiently to be spun up, other scenarios for the production
of millisecond pulsars will have to be found. Further study including angular momentum
effects will better address this problem. Similarly to globular clusters, as dense stellar
systems, galactic bulges offer opportunities for mergers involving neutron stars through
collisions. However, we are not aware of reliable estimates for collisional rates in the galactic
center.
Leonard et al. (1994) investigated the scenario in which the velocity kick received by
a neutron star in a supernova explosion makes it merge with a binary companion. They
predicted an occurence rate of 2.5 × 10−4 per year in our galaxy. These systems may
result in an inward spiralling neutron star. However, since the kick produces collisions with
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similar velocities to those from the globular cluster collisions of Davies & Benz, we might
instead expect the likely result to be ∼ 0.3M⊙ smothered neutron stars as predicted in their
models. Assuming the latter to be the case, we would expect 1% of observed supernovae to
produce a secondary explosion and lead to a peculiar structure of the remnant.
5.5. Future Work
We would like to follow-up the discovery of these “accretion induced” explosions with
detailed calculations of their observable signatures. The observational prospects for the
ejection of neutron star atmospheres are tightly linked to the fraction of encounters which
result in energetic explosions. This fraction is in turn strongly dependent on the effects of
angular momentum. While at best difficult, accounting for those effects will be essential
to understanding neutron stars accreting at high rates. We would also like to determine
the observational properties and chemical composition of the ejected material. This will be
addressed in future work.
Although it is an interesting topic, we have not discussed the case of neutron
stars embedded in dense molecular clouds or in AGN disks elsewhere in this paper.
Unfortunately, in these conditions, the photon trapping radius is within the Bondi radius
so that radiation transport plays an important role in the evolution. It is plausible that
dense molecular cloud will first accrete slowly, at the Eddington rate, until sufficiently
high pressures and temperatures near the neutron star surface develop, leading then to
hypercritical accretion or possibly an expulsion of the material. This ejecta will enrich the
surrounding medium and, since the mass accretion will be low, may be a repeatable process,
facilitating an important mechanism to enrich the interstellar medium or the disk of an
AGN. Understanding these effects will require the implementation of a radiation transport
scheme.
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A. A Necessary Criterion for the Validity of the Mixing Length
Approximation for Convection
Despite the many problems with mixing length (choice of scale height, etc.), there is no
better convection algorithm short of multidimensional simulations. Hence, mixing length
theory remains the most common technique for dealing with convective instabilities. It is
thus worthwhile to try to derive a simple criterion to verify the validity of a mixing length
approach in a given situation. An intrinsic assumption of mixing length theory is that the
convective evolution is nearly adiabatic, and slow compared to the dynamical timescale so
that the evolution can be represented by a series of quasi-static equilibria. As a result, a
necessary (but probably not sufficient) criterion for the validity of mixing length is that the
sound travel time across a convective cell is much less than the rise time for that cell to
move one cell length, or equivalently that the convective velocity is very subsonic. In the
following paragraphs, we first provide a rigorous calculation of the motion of a convective
cell which we then complement with a more physically intuitive interpretation. We go on
to show that typical convective neutron star atmospheres do not satisfy our criterion and
therefore cannot be modeled using mixing length.
The sound travel time across a cell is simply given by:
τs = Hp/cs (A1)
where Hp is the convective scale length, typically approximated as the pressure scale height
and cs is the sound speed of the convective cell. The acceleration for the cell is [see Hansen
& Kawaler (1994) for a basic summary]:
acell = abuo + avis = g(1− ρ/ρc)− η
ρ
∇2v − θturb
V ρ
(A2)
where g is the gravitational acceleration at the position of the cell, ρc is the density of the
cell, ρ is the density of the medium through which the cell is passing and V is the volume
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of the cell. The quantity η is the linear viscous term and can be written (see Kippenhahn
& Weigert 1990):
η ≈ ηth + ηrad ≈ ρlmfpvth + aT 4/cκρ (A3)
where lmfp is the electron mean free path and vth is the electron’s thermal velocity. We shall
approximate ∇2v = v/(fHp)2 where f < 1 (in our calculations, we choose f = 0.01). The
term θturb is the turbulent drag [see, for example, Shames (1992)]:
θturb ≈ Cturbρv
2A
2
(A4)
where Cturb depends upon how streamlined our convective cells are (values range from
0.01–1 and we conservatively use 1) and A is the effective surface area of the cell.
We can then integrate this equation to determine the velocity of the cell (assuming it
starts at rest) and distance as a function of time:
v = (L+M)

 e2Lct − 1(
L+M
L−M
)
e2Lct + 1

 , (A5)
x = − ln


(
L+M
L−M
)
e2Lct + 1
c

− (L+M)t + ln


(
L+M
L−M
)
+ 1
c

 (A6)
where L =
√
b2/(4c2)− a/c and M = b/2c with a = abuo, b = −η/(fρH2p ), and
c = −(CturbρA)/(2ρc). Setting x = Hp, one can solve for the rising time scale, and
determine whether the evolution can be appropriately modeled with a mixing length
algorithm.
In most circumstances, the dominant viscous force arises from the turbulent drag
term. Ignoring the linear viscous terms simplifies the preceding equations and provides
a more intuitive picture of the conditions required for using the mixing length formalism
(although we recommend the general argument for any applications). As we stated earlier,
a necessary condition for mixing length is that the sound travel time is much less than
the convective travel time, or equivalently, the convective velocity must be much slower
than the sound speed. By eliminating the linear term from equation (A2), using equation
(A4) with A/V = 1/Hp, and setting g = ∇P/ρ = P/(ρHp), we can solve for the maximum
bubble velocity:
vmax =
√
2P
ρCturb
(ρ/ρc − 1) = cs
√
2
Cturbγ
(ρ/ρc − 1). (A7)
For a γ = 4/3 gas and ρc < .85ρ, we find that vmax > .5cs, violating the mixing length
assumption that v ≪ cs. However, these high velocities are only a problem if the bubble can
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attain them before dispersing. We can estimate the velocity of the bubble after travelling a
distance d by assuming that the turbulent viscosity is small until v approaches vmax:
v =
√
2da = cs
√√√√ d
Hp
2
Cturbγ
(ρ/ρc − 1). (A8)
Setting d = Hp gives v → vmax. It is likely, then, that the bubble will approach its maximum
velocity after rising one scale length. The ratio of the bubble density to the density of
the ambiant medium is clearly the primary parameter behind this necessary criterion for
mixing length and can be simply applied to any system. One merely needs to determine
the buoyancy (or density) of a bubble raised adiabatically one scale height.
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Figure Captions
Figure 1 - Characteristic timescales; photon diffusion τγ , neutrino cooling τν , and
sound travel time τs versus entropy. Note that at an entropy lower than that defined by the
intersection between the sound travel and neutrino cooling timescale, no stable atmosphere
can form. Note also that the intersection between photon diffusion and neutrino cooling
defines the entropy at which photon trapping is complete.
Figure 2 - Structure of an infall atmosphere. Note that the region within the accretion
shock is convectively unstable.
Figure 3 - Density vs. radius for a 103M⊙ y
−1 infall model. The points are from
numerical simulations. The lines are analytical results for different adiabatic indices.
Figure 4 - Steady state shock radius versus accretion rate for a range of adiabatic
indices in a one-dimensional infall model.
Figure 5 - Entropy versus radius after 50 ms for a range of infall atmospheres.
Figure 6 - Entropy-driven convective plume for 103M⊙ y
−1 infall atmosphere 10 s
after creation of the accretion shock. The negative entropy gradient is induced by the
initial outward motion of the shock. Average plume velocity is 3000 km/s and mean inflow
velocity is 1000 km/s.
Figure 7 - Atmosphere mass versus entropy for two sizes of atmosphere: R = 109 cm
and 1013 cm. The dashed lines denote atmospheres with no external pressure, whereas the
solid lines include a pressure term derived from typical values for Bondi-Hoyle accretion.
Figure 8 - Entropy profiles at 70 ms intervals for an Stot = 50 equilibrium atmosphere.
Note that with increasing time, the innermost material cools (lowering its entropy) while an
increasing amount of material is heated (raising its entropy).
Figure 9 - Entropy-driven convection for an Stot = 50 equilibrium atmosphere 200 ms
after turning on neutrino processes. The negative entropy gradient is induced by neutrino
heating and drives convection. The mean outflow velocity is 4000 km/s and the mean inflow
is 9000 km/s.
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Figure 10 - The same simulation from Figure 4 after 500 ms. The atmosphere is now
exploding with a kinetic energy of 2 × 10−6 foe. The mean outflow velocity is 5000 km/s
and the mean inflow is 3000 km/s.
Figure 11 - Entropy vs. mass at 80 ms intervals for an Stot = 80 equilibrium
atmosphere. Note that the inner material radiates its energy through neutrino losses,
lowering its entropy.
Figure 12 - Neutrino luminosity and mean neutrino energy as a function of time for an
Stot = 80 equilibrium atmosphere.
Figure 13 - Total mass accreted versus time with the best constant accretion fit for an
Stot = 80 equilibrium atmosphere.
Figure 14 - A comparison between numerical accretion rates and the analytical results
of Colgate et al. (1993). The filled circles compare analytical results using only the radiation
entropy from the numerical calculations, whereas the open symbols use the total entropy.
Figure 15 - Accretion rate versus entropy. The two lines denote analytical results using
outer pressures of 0% and 0.25% that of the pressure at the surface of the neutron star.
The points are results from the simulations.
Figure 16 - Entropy profiles versus radius for the nucleosynthesis models of Cannon
(top line) and Biehle (bottom line).
Figure 17 - Biehle’s structure model after 0.5 s. The high entropy material is driving
the atmosphere outward. Outward velocities approach 6000 km/s.
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TABLE 1
Accretion Parameters
Stellar Type
a
Velocity c
s
Bondi Radius
_
M Inhom. R
ang
Trap. Rad.Result
b
km s
 1
km s
 1
10
11
cm M

y
 1
Factor 
;v
10
8
cm 10
11
cm
1 M

MS
@ 4 10
10
cm 1000 300 .17 N/A N/A N/A N/A IC
 = :4g=cm
3
300 300 1 N/A N/A N/A N/A IC
S = 15k
B
/nucleon 100 300 2 N/A N/A N/A N/A IC
@ 1:25 10
10
cm 1000 475 .15 N/A N/A N/A N/A IC
 = 60g=cm
3
300 475 .6 N/A N/A N/A N/A IC
S = 12k
B
/nucleon 100 475 .8 N/A N/A N/A N/A IC
5 M

MS
@ 10
11
cm 1000 400 .16 1:4 10
3
.72,-.07 :77 .16 IC
 = :25g=cm
3
300 400 .75 1:4 10
4
3.4,-.004 200 .75 IC
S = 17k
B
/nucleon 100 400 1.0 2:0 10
4
4.5, 0 68 1.0 IC
@ 4 10
10
cm 1000 550 .14 2:7 10
4
.56,-.17 1:3 .14 IC
 = 6:3g=cm
3
300 550 .5 2:0 10
5
2.0,-.20 4:8 .5 IC
S = 15k
B
/nucleon 100 550 .6 2:5 10
5
2.4,-.20 1:2 .6 IC
10 M

MS
@ 2 10
11
cm 1000 350 .17 1:5 10
3
.4,-.03 :47 .17 IC
 = :25g=cm
3
300 350 .9 1:8 10
4
2.0,-.16 26 .9 IC
S = 18k
B
/nucleon 100 350 1.4 3:5 10
4
3.2,-.10 44 1.4 IC
@ 6 10
10
cm 1000 600 .14 1:0 10
4
.35,-.03 .19 .14 IC
 = 2:5g=cm
3
300 600 .4 5:0 10
4
1.0,-.05 2.4 .4 IC
S = 17k
B
/nucleon 100 600 .5 7:5 10
4
1.25,-.06 4.5 .5 IC
20 M

MS
@ 1 10
12
cm 1000 200 .18 20 .14,.01 .43 .18 EX
 = 3 10
 3
g=cm
3
300 200 1.4 300 1.0,.07 120 1.4 EX
S = 22k
B
/nucleon 100 200 4.0 2000 3.0,.11 720 4.0 IC
@ 5 10
11
cm 1000 300 .17 75 .034,-.01 7 10
 3
.17 EX
 = 1:3 10
 2
g=cm
3
300 300 .74 570 .3,-.01 .10 .74 EX
S = 21k
B
/nucleon 100 300 1.3 1300 .52,-.03 .06 1.3 IC
10 M

Giant
@ 2:5 10
13
cm 1000 40 .2 4 10
 4
.0024, 0 8 10
 5
:14 DC
 = 5 10
 8
g=cm
3
300 40 2.0 :01 .024, 0 .07 2:0 DC
S = 26k
B
/nucleon 70 40 30 :7 .36,-.01 130 30 EX
@ 6 10
12
cm 1000 60 .2 2:5 10
 3
.005, 0 3 10
 4
:2 DC
 = 3 10
 7
g=cm
3
300 60 2.0 :06 .05,-.01 .01 2:0 EX
S = 26k
B
/nucleon 70 60 20 2 .5,-.05 26 20 EX
@ 1 10
11
cm 1000 300 .17 480 .13,-.06 5 10
 3
:17 EX
 = 8 10
 2
g=cm
3
300 300 .74 3700 .58,-.15 1.7 :74 IC
S = 10k
B
/nucleon 70 300 2.0 2 10
4
1.6,-.37 2.5 2:0 IC
20 M

Giant
@ 1 10
12
cm 1000 250 .18 7 .06,.01 .15 :18 EX
 = 10
 3
g=cm
3
300 250 1.2 100 .42,.07 31 1:2 EX
S = 29k
B
/nucleon 100 250 1.8 175 .63,.12 20 1:8 EX
@ 4 10
11
cm 1000 400 .11 25 .06, 0 .01 :11 EX
TABLE 1|Continued
Stellar Type
a
Velocity c
s
Bondi Radius
_
M Inhom. R
ang
Trap. Rad. Result
b
km s
 1
km s
 1
10
11
cm M

y
 1
Factor 
;v
10
8
cm 10
11
cm
 = 10
 2
g=cm
3
300 400 .5 250 .25,-.06 .09 :5 EX
S = 24k
B
/nucleon 100 400 1.0 800 .5,-.1 .01 1:0 EX
@ 5 10
10
cm 1000 1000 .094 6:0 10
5
.11,-.04 .36 :094 IC
 = 250g=cm
3
300 1000 .17 1:5 10
6
.20,-.06 .02 :17 IC
S = 10k
B
/nucleon 100 1000 .18 1:8 10
6
.21,-.07 5 10
 3
:18 IC
GMC
1000 10 .2 8 10
 8
0? 0? 3 10
 5
?
 = 10
 11
g=cm
3
300 10 2.0 2 10
 6
0? 0? 7 10
 4
?
S = 45k
B
/nucleon 10 10 930 :024 0? 0? 9 ?
a
Underneath each stellar type, we also list the position in the star that we are considering as well as the density
and entropy at that position.
b
IC = Immediate Collapse, EX = Explosion, DC=Delayed Collapse
a
Underneath each stellar type, we also list the position in the star that we are considering as well as the density
and entropy at that position.
b
IC = Immediate Collapse, EX = Explosion, DC=Delayed Collapse
TABLE 2
Infall Atmospheres
Infall Rate 1-D Results
M

y
 1
L
tot

(erg s
 1
) 
conv
(s)  S
center
S
infall
= 30
M
crit
= 10
6
10
0
< 10
39
 :02 1.35 630
10
1
 3 10
41
 :06 1.37 380
10
2
 7 10
43
 :05 1.4 220
10
3
 6 10
46
 :03 1.4 120
10
4
 2:5 10
48
 :03 1.4 85
10
5
 1 10
50
 :03 1.43  50
S
infall
= 10
M
crit
= 5 10
5
10
0
< 10
39
 :02 1.35 650
10
2
 9 10
43
 :03 1.4 200
10
5
 3 10
50
 :03 1.4  40
10
6
 7 10
51
 :02 1.43  25
S
infall
= 50
M
crit
= 2 10
6
10
1
 2 10
41
 :02 1.37 650
10
3
 2 10
46
 :03 1.4 130
TABLE 3
Infall Atmospheres
Infall Rate 2-D Results
M

y
 1
L
tot

(erg s
 1
) KE
exp
(erg) 
BH
(s) 
conv
(s) S (k
B
/nuc) M
exp
(M

)
S
infall
= 30
10
1
 4 10
41
 3 10
43
 10
11
10
4
  10
6
50  100 10
 7
10
3
 8 10
45
 2 10
45
 10
7
 10
6
 S
infall
:1
10
5
 7 10
49
 2 10
47
 10
3
 10
5
 S
infall
100
TABLE 4
Constant Entropy Atmospheres
S
tot
Results
10 Immediate explosion
20 Immediate explosion
30 
conv
 5 ms t
infall
=.05s KE
exp
= 2 10
46
erg
50 
conv
 .1s t
infall
=2s KE
exp
=2 10
45
erg
_
M  3 10
3
M

y
 1
L
tot

 3 10
49
erg s
 1
60
_
M = 3:8 10
3
(300)M

y
 1
L
tot

 4 10
49
erg s
 1
70
_
M = 5:2 10
2
(50)M

y
 1
L
tot

 5 10
48
erg s
 1
80
_
M = 1:8 10
2
(20)M

y
 1
L
tot

 2 10
48
erg s
 1
90
_
M = 33(6)M

y
 1
L
tot

 5 10
47
erg s
 1
100
_
M = 13(3)M

y
 1
L
tot

 2 10
47
erg s
 1
TABLE 5
Infall Results
Infall Transient Neutrino End
Rate Convection Convection Result
_
M > 10
6
M

y
 1
No No Black Hole
10
6
M

y
 1
>
_
M > 10
3
M

y
 1
No
a
No Black Hole
10
3
M

y
 1
>
_
M > 0:01M

y
 1
Yes Yes Explosion
0:01M

y
 1
>
_
M > 10
 4
M

y
 1
Yes No Steady Accretion
a
A transient is produced but a black hole forms before it can fully develop.
TABLE 6
Convection
Core Collapse Model
ratio Solar Envelope Supernova Biehle's TZ Cannon's TZ
t
co
=t
cs
 2 10
3
 1:2  4  2
v=c
s
 4 10
 3
 1:0  :2  :5
